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Abstract 

We examine the O(as) corrections to inclusive hemy-flavour differential 
distributions in transverse u~omcntmn and rapidity in electroprocluction. We 
assume that the electron is taggccl aud present results for fixed x alld Q” for 
c-quark product,iou at, HER,;\. 
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1 Introduction 

Inclusive neutra,l-current heavy-flavour production 

e-(1,) + P(p) + e-(12) + Q(p,)(Q(p2)) + s. (1.1) 

at the eP collider HE,R.4 has been aualyscd within the fiameworli of per- 
turbative QCD [l] (S denotes the hatlrous in the final state which are not 
detected). The domiuaut coutributiou to the cross section comes from the 
photon-gluon fusion reaction 

-Y(Y) + dh 1 - Q(PI) + &LJ). (1.2) 

where y(y) is a spaccliltc virtual photou and g(kl) is au on-mass-shell gluon. 
Therefore a measuremcut, of the inclusive production cross section provides 
an opportunit,y t,o tlet~crmine the gluou densidy in t,he prot,on g,(c, M’) at 
small momentum fract,ion < [2] (defined by t,he ident,ity kl Z @) and mass 
factorizatiou scale M”. The O(ns) corrections to t,hc inclusive cross sections 
and inclusive heavy-quark distribut,ions in transverse momentum (111) and 
rapidity (IJ) were discussed for a real photon (q2 = 0) in [3] (see also [4]). 
These corrections are valid iu the “no-tag” situation whew the electron re- 
mains in the beam pipe and t,he \\‘eizsaclte~-\\‘illinms approximatiou is valid. 
Uufortunately t,he presence of a poorly dct,ermiued hadronic (resolved) gluou 
density in the rea,l photon g7(q, AI’) complicabes the esbrxtion of the gluon 
density in t,he prot,on r/J<, M2) IS]. 

A more reliable test of QCD cau be made for hca\y-~~ua~l< production 
cross sectious aud inclusive distributions when QZ = -q’ > 0 (say (2’ 2 2 
(GeV/c)*) because the magnitude of the resolved compoucut in the virtual 
photon decreases as Q* increa,ses. In this case the electron is tagged so its 
Bjorken scaling variable z = Q2/2p. q aud Q* values are known. .4t HER.4 
the outgoing elect,rou can be detected if Q? 2 4 (GeV/c)2. A measurement 
of the heavy-qua~rli iuclusive cross section then requires t.he analysis of a five- 
fold differeutkl iuvolviug the heavy-quark energy and polx angle together 
with the azimut,hal angle between t,he plane contaiuiug the incoming autl t,he 
outgoing leptons aud the pkme containing t,he prot,ou and the heavy quark, 
as well as N aud (2’ for the detect,ed electron. We recently calculated the 
QCD correctious to the four-dilllcnsiollal-diffcreutial cross section [G], having 
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integrated over the azimuthal angle. This involved t,he calculation of the 
bremsstrahlung process 

Y’(cl) + dh) -+ Q(n) + Q(m) + db) > (1.3) 

and the virtual (our-loop) corrections to the react,iou (1.2). Furthermore at 
O(o$) we encouutcr a uew production lnechauisu~ giveu by t,he process 

y*(q) + cl(ri)(h) -+ Qh) + (2(m) + rl(Q)(b). (1.4) 
- 

The resulting partonic cross sections were determined in t,he MS scheme both 
for coupling const,ant, renormalization as well as for mass factorizatiou. which 
was also performed in the DIS scheme. As an applica~tion we computed in 
[6] the O(cus) correctious to the heavy-flavour cont,ribut,ions to deep-inelastic 
structure funct,ions, tlcnored by Fz(z, Q2, ln2) and FL(.u, Q’, ~a’), where m is 
the heavy-flavour mass. To illustrate the effect of the higher-order corrections 
we adopted the Morfin-Tuug (MT) parametrization of t,he parton densities - 
presented in table Id (Fit B,) of [i] with A4 = 0.194 &V/c (in the MS 
scheme). Furt,hermore, we chose the renormalizat,ion scale (fl) t,o be equal 
to the mass fact,oriznt,ion scale (Al), so that, f1’ = :\,12 = Q’* + 41nz and 
AL* = Al2 = Q2 + VI; for c-quark and 6-qlulrl< production respectively. 

Our results sho~vcd that eveu for an inclusive IllcasllrelllCllt,, the O(as) 
corrections t.o t,he deep-inelastic structure funct.ions cannot be described by 
constant factors mult,iplying t,hc Born cross sectiou (commonly called Ii- 
factors). Indeed ratios such as 

I&(x, Q2, m') = 
Fjp:(:c, Q’, IU*) + F;“(“:, Q’, II?) 

Fi;(z, Q*,d) ’ 
(1.5) 

(I; = 2,L) showed significant increases at small and large values of z at 
fixed Q’ (see figs. 17a, 17b, 21a. and 2113 in [G]). In this equation the 
superscript denotes the order in perturbation t,heory, (0) corresponding to 
the Born reaction (1.2), which is already O(as) and (1) to the O(cGi) terms 
given by the corrections t,o (1.2) and the cont,ributions from (1.3) and (1.4). 
Combining t,he results in [G] with the O(oi) corrcctious t,c t,he sta,nda,rd 
(massless-quark) st,ructure functions R>(m, Q’2) and F,,(:r. Q”) calculated in 
[S] we were able t,o make more quantitative statements about the heavy- 
quark contribut.ions t,o the deep-inelastic structure funct,ions [9], Note that 

3 



we have analysed the QCD correct,ions to extrinsic heavy-flavour production 
and concentrakd on the region of moderate and small X. The magnitude of 
an additional inkinsic component at large :L’ has been investigated in [lo]. 

In this article we discuss the corrections to the inclusive transverse ma- 
mentum (pL) and rapidity (y) diskibutions for heavy-clua,rl< production at 
fixed values of z a,nd (2’. Since heavy quarks are detected by an a,nalysis of 
their decay modes, inforrnatiou on the pI and 9 distributions is crucial in any 
complete Monte Ca,rlo program containing both heavy-quark production and 
decay. Programs presently available [l], [2] use only the Born approximation. 
It is therefore uecessary to check whether the QCD corrections to these in- 
clusive distribut,ions can bc accouuted for by simple multiplicat~ive fa,ctors 
or not, since, in addition to t,he choice of the scheme. there are now several 
scales to consider. For example ~11’ can depeud upon Q2, 1n” a,nd p:. .4s it 
is impossible to cover all possible schemes and scales, our results should only 
be considered as an indicazbion of the shapes of the corrections. Furthermore 
to reduce the number of plots we only present results for c-quark production 
since this has a larger cross section than that for b-quark productiou. Finally 
we choose the same schcn~cs and scales as in [G], except, for the pl-clist~ribution 
for which we t&e ;V2 = Q2 + 4(1$ + mz). Comments on other scale choices 
will be made in the text. 

The variatiou in scale proviclcs us with an est,imate of how much the 
uncalculated higher order corrcctious change our 0( oz,) resillts in t,he a.ppro- 
priate regions of phase space. If all invariants and scales are roughly eclua,l 
then there should uot be a,ny large logarit~hmic t,erins which tlcstroy t,lie reli- 
ability of the perturbation series expansion. Although the calculat,iou in [G] 
is applicable to any el’ collider, the results we present here arc for z and 
Q* values relevant to HER.4. Note that the deta,ils of the QCD correction 
calculation are awilable in [I?] so we limit ourselves t.o a brief king of the 
important definitions in the next section and then present our results. Some 
useful ltinemat.ic relatious are given in the Appendix. 
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2 Inclusive Heavy-Quark Distributions 

After performing the integration over the azimuthal angle the deep-inelastic- 
electroproduction cross section can be written as a four-dimensional-differential 
cross section in t,he form 

d”O(S,T,;U1,X,~) 
= EA[2(1 - 2) ~*~L(S~TI,~I,Q*) 

clrdzclT~dU’ (IT, dU, 

+[1 + (1 - z)‘] 
d*oy(S,T,,U,,Q’) 

dTldJl I> (2.1) 

where x and x tleuot,e the usual Bjorlcn scaliug variables 

Q2 P’q sy---& ( .z=- 
11.1, 1 (2.2) 

related by Q? = x2.? where .? = (II + P)~ and v?? = 314 GeV at HERA. 
The fine struct,urc coust~ant. is cy = e’/4n. The longit~udinnl- aud kansverse- 
virtual-photon cross sehons occuring iu (2.1) are denoted by n’n~ and ~O.T 
respectively. Bot,h cross sections a.lso depend on the heavy-fla\:our mass de- 
noted by ‘m. The ot~lw kinematic invariants which appear in he above cross 
section are defined by 

s=(p+q)* , s’=s+Q’, 

T, = T - m2 = (p - p2)’ - /)I’) , 
G’, = (I - ),$ = (‘1 - pey - ,u* (2.3) 

Here fl stands for bhe c.m. energy of the \irtuill-phot,oll-proton system. 
Further T aiid I/ are the squares of he momentum h’ansfers between the 
outgoing heavy aut~iquark aud the protou and virtual pliot~ou respectively 
(see fig.1 in [G]). If the heavy clua,rl: is detected. p2 in (2.3) is replaced by pl. 

In the figures discussed below we will plot the inclusive distributions 
dFk(z, Q*, m2,p,)/dpl and dFk(:c, Q*, * ~1% ,9)/c/y with k = 2, L. Here 11~ and 
y denote t,he tmnsverse momentum and rapidity in the cm. frame of the 
photon-hadrou syst,em. These distributions ca,u be derived from the longitu- 
dinal and transverse phot~on-l~~lrou cross sections in (2.1). L,et us defiue 

d%,,(S,Tl,C,,Q2) -IT’o d2FL(n:,Q’,T,,C~-,) 
tlT,tlU, = - Q’ dT, dli, ’ 

(2.4) 
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and 

d%Jr(S, T, 1 u, , Q’) 47r2a tl’F,(x,Q’,T,,U,) 
dT,dUl = - P’4 dT, dU, 

(2.5) 

Here we will concentrate on d’FL/dT,tlUI and d”FJ/tlT,dU, where the latter 
is given by 

~F2(~,Q2,T,rC’,) 
dT,dU, 

= 2xcI’F,(.2, Q2,T~,o;) + t12FL(:c.Q2,T~, U,) 
dT, dlJ, dT,dlJ1 (2.C 

Note that when t,llc almve expressions me integrated over T, and 171 we 
obtain the heavy-flavow contribution to the structure functions Fk(z, Q2, ,m2) 
as presented in [G]. The longit,udinal and t,ransversc photon-hadron cross 
sections are obtained from heir partonic analogues via the formula 

S,&24V-dLQ2) = 
dT, dU, 

(2.7) 

where di?k(l; = 2,L) are the reduced pxton cross scctious (Wilson coeffi- 
cients) calculated in [G]. The kinematical variables s, s’, tl and ji.1 are defined 
in an analogous may as ill (2.3) where now p is rcplaccd by the incoming 
parton momentuln k, = [p. The fi(<, MZ) (i = q, (7,~) tlenot,e the parton 
densities as defined in [i], which like he tl~-ii,i tlepelltl on th niass fact,oriza- 
tion scale dl which is equal to the rclio~mnlizat,iorI SC&. Fillally the lower 
boundary El- in (2.i) is given by 

(2.8) 

From d’F~/dT~tlU, one can derive the expe~iment,ally relevant distributions 
d2Fk/dydpl. We define posit,ive rapidity to be in the direction of he virtual- 
photon. Since the t~ransformation (Tl, U,) -+ (y, p() is not relevant t,o the 
text we give some details in the Appendix. .4s lncutiouetl in [G] t,lle rapidity 
distribution of the heavy quark changes when the latter is replaced by the 
heavy anticpark. This is due to an asymmetry under t, ++ ‘u, iu the parton 
cross sections tl?f?k,, , d+k,, leading to (~~~;;)i-,-Q # (d’u,,i);,-q for i = 4, q. 
(see (3.37) and (3.38) ill [G]). where we define 

t, = (k, - p.g - m2 ,‘U, = (q - 1)2y - 1112 (2.9) 
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However the difference is numcrimlly very mm11 so that we only will plot the 
rapidity distributim of the heavy antiquark. 

We now turn to results for the inclusive distributions dFk(x, Q’, m2, p)/dp, 
and dFk(x, Q’, m2* y)/dq with k = 2, L. The variables .T and Q’2 a,re chosen in 
the relevant kinematic range covered by HERA, so me take Q” = 10 (GeV/c)2 
and vary n: from 0.1 to 0.0001. We use the t,mo-loop corrected running cou- - 
pling constant CL.? in the MS scheme with four light fla\:onrs. For the parton 
densities WC choose the h!lT-131 set presented in table I., of [i] with A., = 0.194 
GeV/c. In order to show the effect of the O(as)-corrections we write a series 
expansion in (YS for the deep-inelastic distributions in (2.4) snd (2.5) where 
the @a$“‘) contCbution is tleuoted by dll.“‘“. Furthermore we distinguish 
between the initial-state gluon nnd initial-state-(anti)quark contribution to 
dFj”’ by splitt,ing dFi”” kt,o dFf1’ (1.3) and dFf,” (dF&‘) (1.4). Not,ice 

that the Born cont~ribut.io~~ is given by dE:l corresponding t,o the process 
(1.2). 

We begin with t,hc I’,-‘list~il,utions dF2(m, Q*, I$, p)/dp, for c-quark pro- 
duction assuming the mass UJ, = 1.5 GcV/c’ and M2 = Q’ + 41~~:. In this 
case we checltctl that t,he integratctl distributions agree nunicrica~lly with the 
values for t,he deep-inelastic struct,ure functions FJ(x, Q?, mz) given in [G]. 
We now change the mass factorization scale for the p,-distribotions to the 
more stsndard choice :\I’ = Q’ + 4(p: + nx~). Figures l-4 display the results 
for the mass factorization scnlc M2 = Q’ + 4(1$ + ,~nz), Q’ = 10 (Gc\‘/c)~, 
and m = 0.1, 0.01, 0.001, and 0.0001 respectively. 

From the fignrcs we infer that the O(us)-corrcct,ioii dcnotcd by ~/Ejl’/tl~>~ 
is positive o~‘er t,he entire p,-range when .I: 2 0.001 (see figs.1.2,3). For 
z = 0.0001 it, becomes neg;ltive in the small 1’1 region whereas it bewines 
positive again asq, increases ,(see fig.4). Because shoa;ing,bhe correctinns to 
the p, distribution on a semi-logarithmic scale distorts t,he actual size of bhe 
O(cys) corrections, we illustrate the effects of this correction more effectively 
by plotting t.he ratio 

Rk(x, Q’% m;.p,) = 
dF~P,)(~,Q~,11~~,1)~)/~11)~ + “‘F~‘)(:~..Q~,1~1~,p,)/~ll), 

dF;.p:(.r, Q2, l$,pL)/dpL 

(2.10) 

with I; = 2 in fig.5. 
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Figure 5 reveals that as x + 0, the corrections decrease relative to the 
Born contribution. It is important to note that dF*(.u,QZ,m,2,pl)/dpf is 
peaked around p, = q/2, so the corrections to the integrated structure 
function R~(:c, Q’, mz) are primarily from this region. a,nd not the region 
of larger p,, where tIFz(x, Q’, ~t~f,p,)/&, is rapidly falling. In the region of 
small p,, however, perturbation theory breaks down and one should apply 
resummation techniques as done in [ll] or [12]. Note the result t,hat the 
corrections decrease as .7: + 0 could be auticipa,tcd from the ma,gnitude of 
the integrated contribution given in fig.17a of [G]. In the case that .?I is 
small (N 5 0.001) the correction rises in the small-l~L region and remains 
around the 50% level for 11~ 2 5 GeV/c. Though we would see a skep rise as 
p, -t p,;““” = Jqc-- JU, If l\e had estended the plot, to iuclude these values 
of p,, as we do for the la~rger values of m, this region does not contribute much 
to the integrated result due to the steeply falling spect,wm. 

One can understand the shape of t,hese curves by investigating the in- 
dividual contribut,ions to dJ’~“/~l~>~ which are given by dE&)/& (1.3) and 

dF,‘,k’/dpt (1.4). For x 2 0.01, dF~,~/dpr is positive for all wlues of pt. 

The yq correct,ion d@~/dpL is negative for small values of ,jr aud positive 
for large values of Ilr for all x-values. Since the gluouic contribution is nu- 
merically mow importmit at small p1 t,he result, is that we find a positive 
correction. Howcvw for z = 0.0001 t,he gluonic correction is negative near 
the edges of phase space p, + 0 and pl -+ 1~;‘“” = Jm. .~lso since 
the integrated result is domiimted by the behaviour iu the small 11, region 
the fact t,hat fig.lia iu [G] ,l 5 lows a small iucrease at :r = 0.0001 is due 
to effects in both the gluou aud the clualk channels. Furt,hcr it appea.rs 
that for large p,-values jdF&‘/d~tl > ItIF~,~/dpll 71 u icreas for small pi-values 

IdE~,~/d~,I < jilE~,~/&j. Both statements are generally t,ruc over t,he whole 
z-range. This is u~~clerstaudable for large .T where the quark densit,ics don- 
inate over the gluon. However a,t small .x t,his is due to t,he complicated 
structure of the reduced cross sections ~E.2.i (i = q, (7,~) in (2.7). 

When we choose a p,-independent scale such as M2 = Q* + 4m”, then 
the values for t,he O(cus)-corrected pl-disbril,utiolls arc increased roughly by 
a factor of two as pL get,s lwge. Furthc~more wvc observe tha,t the decrease of 
R2(x1 Q*, mz, ljr) as a function of 11~ takes place at much larger values of p, 
than in the cIase of a p&pendent mass factorization scale. In view of this 
we couclude that the scale M2 = Q? + 4(p: + mz) is a better choice thau 



M* = Q2 + 4na;. 
In figs.&9 we show the corresponding plots for rlF~(z, Q*, mz, p,)/dp, with 

M’ = Q2+4(p:+m3. Comparing dF~/dp, with dFJdp, we see that the peak 
in the distributions becomes much more conspicuous in t.he former than the 
one observed in the latt,er. This is due to the vzmishing of dFL/dpt as p1 - 0. 
However as Oue cau infer from X~(~,Q’,nr~,p~) (2.10) in fig.10 the Born 
contribution dFf~/dp, vanishes much more quickly than dFfJ/dp, as pt -t 0, 
causing Rr. t,o become large. For p-values in the area of the peak of rlF,,/dp,, 
the effect from dFifd/dp, as s --) 0 is decreasing and even becomes negative 

in a small region when :C = 0.0001, Thus, t,he cancellation against dF~~~/dpt 
is reduced and the dip in fig.10 becomes more pronounced. In the region 
of intermediate ptl tlF~~~/tlp, is still substantial relative t,o dFtj/dp,, while 

dFit6/dpl is somewhat less important. For la,rger pL, dF&/dp, decreases and 
changes sign for .L: 5 0.0001. On t,lie other hand for large pl, the distribution 
dFfi/dp, dominntcs all other contributions indicating the importaxe of the 
valence-quark deusitCcs in t,his region. Figure 10 reveals a large sensitivity 
of RL to the chosen values for p1 escept, for n: = 0.001 where the correctious 
are roughly constzmt when p, > 5 Ge\J/c. However t,heir large size (100%) 
is an indication of the poor convergence of the QCD perturbation series in 
regions of phase space where t,he longitudinal cross section in (2.1) cannot be 
neglected. In the analysis of the differential cross section note t,hat rlFL/clpI is 
usually umnerically smaller thau dF2/dpt. These findiugs are consisteut with 
the results for t,hc iutegratcd distributions in fig.171) in [G], Even though t,he 
corrections seem large at moderate pl, the fxt t.hat. the underlying spectrum 
is falling rapidly meaus t,hat, t,hc integrated contributions are most, sensitive 
to small p1 and therefore the correctious are moderate in t,he regioii 0.001 < 
cx < 0.01. 

Next we iwrstigat,e the rapidity distributions rlF2(x, Q*, III:, y)/& for c- 
quark production. with mass m, = 1.5 GeV/c*, but this t,ime assuming t,he 
original mass scale %I’ = Q” + 4n1: as in [I?]. We fis Q2 = 10 (Ge\i/c)’ and 
vary ~1: in decades from x = 0.1 to m = 0.0001 showing these results iu figs.ll- 
14. The correction t@~/d2/ is generally larger thau the Born contribution 

dFi!/dg in the negative rapidity range, becomes comparable in the central 
rapidity region, a,ud dies off in the large positive rapidity range, where it 
eventually becomrs uegat,ix. The contribllt,ion t/Ff~/dg is responsible for 
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the bulk of the O(CVS) corrections as the contribution dF?(,i’/tl?g is generally 
an order of nmgnitude smaller aud beconies mostly negative for large 5. 
However at small ZC, it is mainly positive, turning negabve only in the region 
of large positive rapidity. i\gain the semilogarithmic plots in figs.1 l-14 tend 
to distort the actual iufiueuc~e of the O(ns) corrections. To deumustrate the 
higher-order effect.s niore clearly, we clefme the ratio 

Rk(r, Q', n,:, TJ) = 
dFi;(x. Q2, m;, y)/dy + dF:.“(z-, Q2, m;, y)/dy 

dF$‘(z, Q*, m:, y)/dy 
, (2.11) 

with k = 2, L, where R-,(.x, Q’, rw~, u) is presented in fig.15. At large ncgntive 
rapidity R.1 is wry large. It &creases towards g = 0 where it becomes 
relatively flat and he corrcct,ions arc reasonable. This flatt,eniug extends 
over a larger range iu ~1 when r gets smaller. In the large positive rapidity 
region R2 drops off very rapidly and even l>ecomes negative. This effect 
is primarily due to dFi,y/dy which becomes nega,tivc and its magnitude is 

larger thu the Bon1 contribution dFiz/dy. From the above we conclude 
that the corrections are generally stalk in the ccutral rapidity regiou aud 
range numerically from 50% to 100%. Notice tht the integrated distributions 
represented by t,hc struct,ure functiou Fz(.z, Q*, m:z) receives it,s main support 
from the hrge posit,ivc rnpitlit,y region where the cowctions are small. This 
explains why fig.15 is consisknt with the iut~cgrntetl plot ill fig.19a in [G]. 

In figs.lG-19 we show the rapidity plots for dF~(.r. Q’. ,mE3 y)/dy/. In 
the regions of negative rapidit,+r, dF:&‘/dy domiuat.es the Bow contribution 

dFtj/dy, ancl as .I: l)econles smaller, the difference is several orders of ma,gni- 

tude. Furthermore, tlFi:j/dy nmltes a significant contribution relative to the 

Born in the same region. In the central rapidity region, dFfi/tly is decreas- 

ing but still cousidcrably larger than dFti/dy. The contribution from the yq 

channel dFifi/tly is still significant but decreasing as well. Iu he posit,ive ra- 

pidity region. dFifd/dy becomes negative. closer to the central rapidity region 
as x increases. The gluonic correction clecrwxes as well, providing a reason- 
ably moderate correct,iou in the large positive rapidity region where dF,/dp, 
is peaked. As ynLnz 1s approached, both the y9 and the yq correchns t,urn 
negative, however becoming posit,ive again at t,he wry edge of phase space 
snd a,re respousible for the enormous rise in RL(x, Q*, nxz, u) as I/ - zPnr. 
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Finally we renmk that we have also conlputed the corrections for Q’ = 4 
( G~V/C)~ and for Q2 = 100 (GeV/c)’ covering t,hc same range in .L. .Although 
there are changes in the plots the overall picture remains the same so our 
conclusions are unaltered. 

For completeness we have also plotted t,he p1 and u distributions for 6- 
quark production using the parameters nz,, = 4.75 GeV/c”, Q’ = 10 (GeV/c)2 
andM2=Q2+p:+nlZ,nr’=Q2+r ‘J nb respectively. While the results are 
similar to the case of the c-quark t,he corresponding plok t,o figs. 5,10,15 and 
20 do indicate less scnsit,ivity t,o the variation of M’. 

We have report,4 here t,he first results on t,he O(cri.) CJCD contributions 
to the inclusive heavy-flavour distributious at fixed values of the x and Q2 of 
the electron. \Ve have dcn~oust~rated that the higher order correctious to the 
inclusive heavy-quark 1~~ and y dist~ributions are seiisit,ive to the choice of the 
mass factorization aud ~enor;lializatioii scales. Fortunat,ely the integrated 
differential distributions for the dominant structure function F~(x, Q2, nzz) 
show some stability in t,he region 0.0001 < x < 0.01 which is consistent 
with moderate con.ect,ions to the iuclusivc pt aud v distribut,ions uear their 
respective maxima,. Since acbual experiments will have acccpta,nce cuts it 
is not clear which region of m and (2” will be the most, relevant. Therefore 
further work will bc required to clarify the situation when experimental data 
become available. 

U?lile this work was under way we received a prepriut 1131 containing 
an examina~tion of t,hc electroprodllctiol1l~~ctioi~ of heavy flilvours at high energies 
including leading coutributions at small x. These cont,ributions originat~e 
from gluon exkmges in t-channel processes which are all posit,ive. It turns 
out that these effcct,s, when rcsummed, are very small in the HERA range. 
This approach is different from ours. We have calculat,ed the exact corrections 
up to O(cxi.) in perturbation theory, which implies that the coefficients in the 
perturbation series call become negative due to virtual correctious and mass 
factorization. These negative corrections never show up in t,he calculation of 
[13], and thus our result,s are quit,e different in the HER.4 regime. 
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Appendix 

The relationship between Tl and UI, the heavy-quark transverse mass mu, 
and the rapidity 1/ in the cm. frame of the virtual-photoll-protoll system 
is complicated when both Q’ and m2 are non-zero. Using t,he definitions in 
(2.3) the energy of the outgoing heavy antiquark is 

k = -Q2 -T - VI 
2Js s 

(A.11 

where Q* > 0. The transverse mass is determined by 

S”m; = S’Tl VI + Q2T;? + Q’S’T, , VW 

where S’ = S + (2’. The square of the longitudinal moment,um is 

p; = $3 - ,,,$, (.4.3) 

so we define t,he rapidit,y t.o be 

C-4.4) 

After some algebra we fmcl the relations 

Tl = -+, 

U, = -Q2 - mT(Se-” - Q’&‘)/&. (A.5) 

The Jacobian of the change of variables from the two-dimcllsional intcgmtion 
over Tl and C’1 t,o t.he corresponding integration over 77~;. and 1/ yields S’, so 

jd(-T,)/d(-Vl) = s Jdm; Jdy (W 
where the integration limits a,re given by 

;(I -p) I -Tl I ;(I +P) 
S’ 

In2 - 
T,2Q2 Q2T, 

xy s”-- S’ 
5 -lJ, <S’+T, 

- 5 y 5 cash-’ (A.7) 
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where p = 41 - 4m’/S. Changing the order of integration, we get 

/ d( -T,) J cl( -vl) = s’ J dy J clmy. (A.8) 

with the corresl~ondiiig change in the iutegrstion limits given by 

l+P -;I11 - 
( ) 1 - ,O 

5 u<;lll 
( ) 

1+,R 
1-D 

7n2 2 172; 5 
S 

4 cosl?(?/) (A.9) 
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Fig.1. The iuclusiw differential distributions dF~~‘(:u. Q’, ,r~1:,p~)/&~ (solid 
curve) and the sum of rlF~~‘(:c, Q’, 1”~,pl)/dpl+dF:“(.2, Q2, nz:,pl)/clpl 
(dashed curve) at z = 0.1 and Q2 = 10 (GeV/c)‘. 

Fig.2. Same as Fig.1 but for :I: = 0.01 

Fig.3. Same as Fig.1 hut for :u = 0.001 

Fig.4. Same as Fig.1 hut for :u = 0.0001 

Fig.5. The p,-depeutlcnces of R2(x,Q2,ni’,pL) at Q’ = 10 (GeV/c)* and 
I = 0.1 (dot-dashed cu~.vc), 0.01 (loug-dashed). 0.001 (short-dashed) 
and 0.0001 (solid) respcxtivcly. 

Fig.6. The iuclusivr tliffcrcutial distributions rl@~(a:, Q’, mz,pl)/dpl (solid 

curve) and the sum of dF~~(z,Q2,nl~,l’r)/~ll’l+tlF~‘(.~,C)”, m~,pl)/dpt 
(dashed curve) at, N = 0.1 and Q2 = 10 (GeV/c)*. 

Fig.7. Same as Fig.G hut for :I: = 0.01 

Fig.& Same as Fig.G IJut, for .I: = 0.001 

Fig.9. Same as Fig.G hut for .I: = 0.0001 

Fig.10. The p,-tlcpcndcuccs of RL(x, Q2, ~u~~~p~) at Q’ = 10 (GeV/c)’ and 
z = O.l,O.Ol, 0.001 and 0.0001 respectively. The notntiou is the same 
as in fig.5. 

Fig.11. The inclusive differential distributions dF~~‘(z, Q’, nzz, y)/dy (solid 
curwj and the sum of dJ$‘(.r, QZ, nzz, y)/tly + tlF,(“(xl Q2, ,J,L~, y)/dy 
(dashed CWYC) at x = 0.1 and Q2 = 10 (GeV/c)‘. 

Fig.12. Same HS Fig.11 but for x = 0.01 

Fig.13. Same as Fig.11 but for m = 0.001 

Fig.14. Sa~me as Fig.11 but for z = 0.0001 

Fig.15. The z/-depende~~es of R2(z, Q2,mz,y) at Q’ = 10 (Ge\‘/c)2 and 
z = 0.1 (dot-dashed CUIW), 0.01 (long-dashed), 0.001 (short-dashed) 
and 0.0001 (solid) rcspcctively. 
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Fig.16. The inclusive differcutial distributions dFEi(.z, Q’, nzz, y)/dy (solid 

curve) and the sum of dF~~~(x, Q’, ,~a:, y)/dy + dFf’(r, Q2, mz, y)/dy 
(dashed curve) at x = 0.1 and Q2 = 10 (GeV/c)2. 

Fig.17. Same as Fig.lG but for x = 0.01 

Fig.18. Same as Fig.16 ht. for N = 0.001 

Fig.19. Same as Fig.16 but for .r = 0.0001 

Fig.20. The y-dependences of RL(zc, Q’, no.:, !I) at Q2 = 10 (GeV/c)2 and 
.X = O.l,O.Ol. 0.001 and 0.0001 respectively. The uotat,ion is the same 
as iu fig.15. 
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